In classical relativistic mechanics, a "preferred" proper direction in spacetime for each particle is determined by the direction of its 4-momentum. Analogously, for each quantum particle we find a local direction uniquely determined by the many-particle wave function, which for each particle defines the proper foliation of spacetime. This can be used to formulate a relativistic-covariant version of Bohmian mechanics, with equivariant probability density on proper hypersurfaces.
Bohmian mechanics [1] is a formulation of quantum mechanics in terms of deterministic particle trajectories, with valuable interpretational [2] [3] [4] , practical [5] [6] [7] , and weakly measurable [8] [9] [10] [11] aspects. A mayor remaining technical and conceptual challenge for Bohmian mechanics is to reconcile its explicit nonlocality with the theory of relativity.
A promissing approach to relativistic Bohmian mechanics is to formulate it in a manifestly covariant form with the aid of an additional local unit 4-vector N µ [12] [13] [14] . This additional structure in the theory defines a "preferred" foliation of spacetime -the foliation for which hypersurfaces are orthogonal to N µ . The problem with this approach is that the theory in its current form does not specify how to choose N µ . In the present paper we find the natural choice of N µ for each particle uniquely determined by the manyparticle wave function of the system. (The possibility that N µ could be determined by the state of the system was also suggested in [12, 15] , but the specific proposals there were not fully satisfying [16] .) In this way the "additional" structure is not additional at all, but is already encoded in the wave function itself, used also to calculate probability densities and Bohmian particle velocities.
The basic physical idea is very simple. In empty spacetime with Minkowski metric g µν (we use the signature (+ − −−) and the units c = 1) there is no any preferred direction in spacetime. However, this is no longer true when matter is present. In particular, if there are n classical particles at the spacetime positions x a = {x µ a }, a = 1, . . . , n, then the 4-momentum k µ a of each particle defines a preferred direction in spacetime at the position x a . Each such direction defines a local 3-dimensional patch orthogonal to k µ a , corresponding to a local proper coordinate frame in which the particle is at rest.
To get a feeling how a quantum analogue of it may look like, consider a many-time wave function of the form
where ψ a (x a ) = e −ikaµx µ a is a momentum-eigenstate plane wave. (The Einstein convention of summation over repeated indices refers only to vector indices µ, while the summation over the particle labels a is to be performed only when the summation a is indicated explicitly.) The phase of the wave function is S(x 1 , . . . , x n ) = a S a (x a ) with S a (x a ) = −k aµ x µ a , so the vector
defines the proper direction for the a'th particle everywhere in spacetime (not merely "at the position of the particle", since the wave function by itself does not determine a particle position). In general, however, the wave function does not have a product form (1) , so the simple definition of the proper direction-vector in (2) should be generalized to a mathematically more sophisticated expression. In this paper we find such a more sophisticated expression generalizing (2) . After that we use it to formulate Bohmian mechanics in a relativistic covariant form, by generalizing the results of [12] [13] [14] to include foliations which depend on the particle and are not spacelike everywhere.
Consider first particles without spin. The wave function ψ(x 1 , . . . , x n ) satisfies n Klein-Gordon equations
one for each a, where ∂ µa ≡ ∂/∂x µa a . The crucial quantity calculated from ψ, from which everything else will be expressed, is the n-vector
where
Due to (3), the n-vector (4) satisfies n conservation equations
one for each x a . Now let Σ 1 , . . . , Σ n be a collection of n arbitrary hypersurfaces. They do not need to be spacelike everywhere [17] , but we choose them to be spacelike at infinity. The covariant measure of the 3-volume on Σ a is
where n µa (x a ) is the unit vector normal to Σ a and
a (x a ) is the determinant of the induced metric on Σ a .
For definiteness, n µa is oriented such that it is futureoriented at infinity where Σ a is spacelike. We take ψ to be a superposition of positive-frequency solutions of (3) and normalize it such that the n-particle Klein-Gordon scalar product (ψ, ψ) is equal to 1:
whereñ µa = |g
and the tilde above n µa denotes thatñ µa transforms as a vector density. The unit normal vector n µa (x a ) is welldefined at points x a at which the hypersurface is spacelike or timelike. At points at which it is null the quantities n µa (x a ) and |g
a (x a )| 1/2 are ill-defined, but their product (8) is well-defined everywhere [17] . From (5) and the Gauss theorem one can see that (7) does not depend on the choice of hypersurfaces Σ 1 , . . . , Σ n .
The n-vector (4) uniquely defines n 1-particle currents j µa (x a ) by omitting the integration over dS µa in (7). For example, for a = 1
and similarly for other a. Just like (7), the current (9) also does not depend on the choice of hypersurfaces Σ 1 , . . . , Σ n .
In particular, for the product wave function as in (1), one finds that j µa (x a ) ∝ k µa (where k µa ≡ k aµ and the constant of proportionality is irrelevant), so comparison with (2) demonstrates that j µa (x a ) could determine the proper direction for the a'th particle. However, what we need is a vector field f µa (x a ) which defines a unique proper foliation of spacetime for the a'th particle, such that f µa (x a ) is everywhere normal to the proper-foliation hypersurfaces. One cannot simply take f µa (x a ) to be equal to j µa (x a ), because, in general, for an arbitrary j µ (x) there is no foliation with hypersurfaces everywhere normal to j µ (x). Instead, from a given j µ (x) one needs to extract the appropriate f µ (x) which does define the foliation with hypersurfaces everywhere normal to f µ (x).
The extraction of such f µ (x) from a given j µ (x) is a general mathematical problem. The solution, indicated also in [12] , is as follows. A sufficient condition for f µ (x) to define a unique foliation is that it can be written as f µ (x) = ∂ µ φ(x) for some function φ(x) [18] . Since ∂ µ φ(x) is normal to the hypersurfaces, it follows that
is constant on any hypersurface normal to f µ (x). The condition f µ (x) = ∂ µ φ(x) implies
So, to extract the f µ (x) satisfying (11) from given j µ (x), we write j µ (x) in terms of Fourier transforms
wheref
Indeed, from (14) with (15) one easily finds that (14) satisfies (11) . In particular, if j µ (x) = ∂ µ φ(x), one can check explicitly that the procedure (12)- (15) gives f µ (x) = j µ (x). This shows that (14) with (15) extracts the foliation-defining part f µ (x) of given j µ (x). Now we can turn back to physics. From j µa (x a ) for each particle we extract f µa (x a ) by the procedure above. This defines the proper foliation for each particle, with the unit vector N µa (x a ) = f µa / |f νa f νa | normal to the hypersurfaces of proper foliation. Even though N µa is ill-defined at points at which f µa is null, the direction of N µa is well-defined, which for our purposes will turn out to be sufficient.
Note that, in general, N µa (x) ≡ N µ a (x) depends on a. If ψ(x 1 , . . . , x n ) is symmetric or antisymmetric under the exchange of all x a ′ , then N µ a (x) is the same for all a. But in general, the wave function may be neither symmetric nor antisymmetric. In particular, when the masses m a in (3) depend on a, then the particles are not identical, in which case there is no physical reason to expect symmetry or antisymmetry of the wave function. Now when we are equipped with unit N µa (x a ) directed as f µa (x a ) given by (14), we can formulate Bohmian mechanics in a relativistic-covariant form. We introduce nonlocal vector fields V µa (x 1 , . . . , x n ) by contracting j µ1...µn with (n − 1) normals N µ a ′ , a ′ = a. For example, for a = 1
and similarly for other a. Even if the norm of V µa is not well-defined at points at which N µ a ′ is null, the direction of V µa is well-defined everywhere. Therefore, it is consistent to postulate that the Bohmian particle trajectories are integral curves of V µa . Such trajectories satisfy a covariant equivariance equation on proper hypersurfaces, which we now prove.
The proof rests on two crucial observations. First, (5) implies ∂ µa V µa = 0, which we write in the form covariant under general coordinate transformation as
where ∇ µa is the covariant derivative. Second, (16) implies that N µa V µa does not depend on a, so that we have
where ρ(x 1 , . . . , x n ) is defined as
To prove the equivariance explicitly, we use the fact that any vector A µa can be decomposed as
where A µa is parallel with N µa , while A µa ⊥ is normal to N µa (i.e., parallel with the proper hypersurface). More explicitly,
where u µa = N µa /N νa N νa . Eqs. (21) and (20) give A µa B ⊥µa = 0 for any two vectors A µa and B µa . Therefore (17) can be decomposed as
Using (21), the first term in (22) can be written as
is proportional to a Dirac δ-function vanishing everywhere except at points at which the unit norm u µa u µa changes sign. Such a singular term ρδ a appears also in the second term of (22) with the opposite sign, so the singular terms cancel up in (22) . Thus it is consistent to redefine both terms in (22) so that the singular term is subtracted from each of them. As a result, with such a redefinition we have
Next we parameterize the integral curves of V µa as X µa (s) with a scalar parameter s increasing along the curves, so that
the last equality is a consequence of (18) , and sign ρ = ρ/|ρ|. In local coordinates x µa = (x 0a , x a ) in which N µa = (1, 0, 0, 0), one can introduce the quantity ρ(x 1 , . . . , x n , s) ≡ ρ(X 01 (s), x 1 , . . . , X 0n (s), x n ), implying
The covariant version of (26), valid everywhere for any
where (25) and (23) were used in the second and third line, respectively. Therefore, by summing (22) over a and using (27) and (25), we finally get
This can be recognized as the covariant equivariance equation for the probability "density" |ρ|. More precisely, the probability density on proper hypersurfaces transforming as a scalar density is p(x 1 , . . . , x n ) = |ρ(x 1 , . . . , x n )|,
whereρ = j µ1...µnÑ µ1 · · ·Ñ µn is well-defined even at points at which a proper hypersurface is null (see Eq. (8) and the discussion of it).
The parameter s can be used to parameterize the proper hypersurfaces as Σ a (s). Namely, each proper hypersurface Σ a is defined by a value φ a constant on the hypersurface, where φ a is a function of s determined by (10) 
where the integrals are evaluated along the trajectories (24). Hence, if a statistical ensemble of particles with velocities (24) has the probability distribution (29) at some initial collection of proper hypersurfaces Σ 1 (s = 0), . . . , Σ n (s = 0), then (28) implies that the ensemble has the distribution (29) at Σ 1 (s), . . . , Σ n (s) for any s, which finishes the proof of equivariance.
